Let Ό 2m be the dihedral group of order 2m . Given an odd prime m such that the projective class group of D 2m has 2-rank = 0, we construct smooth D 2m -actions on an infinite number of pairwise non-diffeomorphic (distinguished by Pontryagin class) manifolds each of which is homotopy equivalent to CP 3 . This is accomplished by applying equivariant surgery theory to normal maps created by an equivariant transversality argument.
Introduction.
The question which we deal with here is: "Which finite groups can act on differentiably non-standard homotopy CP 3 's?" We use equivariant surgery theory to construct dihedral group actions on an infinite number of differentiably distinct smooth manifolds which are homotopy equivalent to CP 3 . According to [MY] , there is a one-to-one correspondence between the integers and the set (actually, it is a group) of diffeomorphism classes of 6-dimensional, smooth, closed manifolds which are homotopy equivalent to CP 3 (such manifolds shall hereafter be called homotopy CP 3 's). For every integer k, there is a unique homotopy CP 3 , denoted X k , with first Pontryagin class P\{Xk) = (4 + 24k)x 2 , where x e H 2 {Xk) is a generator. Then, XQ is the standard CP 3 . All actions shall be effective and smooth.
Some information is known about smooth finite group actions on homotopy CP 3 's. For instance, infinitely many homotopy CP 3 's admit a Z m -action for almost every prime number m. (For this, and other interesting results, we refer the reader to [DM] .) On the other hand, in [Ml] , it is shown that if X k admits a smooth, effective Z m x Z m x Z m -action, for any odd prime m, then k = 0, i.e., Xk = CP 3 . (There is a more restricted version of this result for m = 2. For information about involutions on homotopy CP 3 's, we refer the reader to [DMS] . ) In this paper, we shall consider the case of dihedral group actions. To my knowledge, these are the first examples of non-abelian group
The main tool used to prove the above theorems is equivariant surgery theory (see [DP] and [PR] ). The features of this theory which are relevant to our work shall be outlined in the next section. The third section provides the proof of Theorem A. At this point, I would like to thank Professor Heiner Dovermann for his help and encouragement. Thanks also goes to the Florida State University Council for Research and Creativity which provided financial support during the time this work was undertaken. Finally, I thank the referee for many helpful comments.
2. Background. Let G be a finite group. Equivariant (G-) surgery is a process for constructing G-manifolds which are G-homotopy equivalent to a given G-manifold Y. (A homotopy F: X x / -» Y is a G-homotopy if JF( , t) is a G-map for all ί.) Two major steps are involved in this process.
1. We build a G-normal map (X, /, b) with target manifold 7. This can be thought of as an approximation to a G-homotopy equivalence.
2. We must determine whether or not the obstructions to performing G-surgery to a G-homotopy equivalence vanish. The process of G-surgery converts X to a G-manifold X f and / to a G-map /': X 1 -• Y which is a G-homotopy equivalence. Before we elaborate on this, we need some definitions. DEFINITION 2.1. A G-manifold is said to satisfy the gap hypothesis if given a nontrivial subgroup H C G and a component F of X H , we have lάimF < dimX.
(Other definitions of the gap hypothesis are possible, however this is the one which suits our needs.)
Recall that a smooth G-vector bundle is a triple (E, /?, B) , where p: E -+ B is an ordinary smooth vector bundle such that E and B support smooth G-actions and the projection p is a G-map. We also require that given g e G and b e B, the map restricted to fiber g: E b -+E g{b) is linear. and /*(Γ7 θ ^+), for some pair of G-vector bundles η±. That is, there exists a G-representation V such that b is a Gvector bundle isomorphism between TX 0 /*(*/-) ® (X x V) and f*(TY®η+)®(XxV).
We have a further important definition. DEFINITION 2.3. Let >/+ and ;/_ be G-vector bundles over a Gmanifold 7. Assume that given H c G and y G Γ^, we have dim^+ly)^ = dim^-ly)^. Then ω: η + -• τ/_ is a G-fiber homotopy equivalence if it is a proper, fiber preserving G-map such that, given H c G and y E Γ^, the map (ωjy) 7 *: (^z+ly)^ -»(^/-ly)^ has degree 1 when extended to one point compactifications.
Using ideas found in §11 of Chapter 3 in [PR] , an adjusted Gnormal map can be constructed from a G-fiber homotopy equivalence over Y provided that certain conditions are met. This shall be carried out in §3 of this paper.
Once our adjusted G-normal map is constructed, we proceed to step 2, which is to determine whether surgery to a G-homotopy equivalence is possible.
We first mention that an equivariant map /: X -• Y is a Ghomotopy equivalence if and only if f H :
is an ordinary homotopy equivalence for all H c G. (See [B] .) Therefore, given our adjusted G-normal map (X, /, b), we must convert X to a Gmanifold X η and / to a G-map F: X η ^ Y such that F H is a homotopy equivalence for all H C G. There is a surgery obstruction to achieving this as indicated in the following proposition. At this point, we make the assumption that the dimension of Y is even and that G contains no elements g of order 2 with 2(άiva{Y^)
This will ensure that the following obstruction is well-defined. Our constructions will fall within this constraint. For more on this point, see [Mo] and §3 of [D] . 
where Wh(G) is the Whitehead group of G and α^ is the torsion homomorphism to be considered shortly. The Tate cohomology group H n (Z 2 Wh(G)) is defined as:
where * denotes the conjugation involution based on the orientation homomorphism w. Let's suppose that our adjusted G-normal map (X, /, b) with target Y has been constructed from a G-fiber homotopy equivalence ω: η+ -> η-over Y. In this situation, the work of Dovermann ( [D] ) and Dovermann-Rothenberg ([DRl] ) can be applied to give us information on a G (σ x (f, b) ) e H n (Z 2 Wh(G)). Given a G-fiber homotopy equivalence α>, its generalized Whitehead torsion τ(ω) can be defined as an element of the generalized Whitehead group Wh(G) = 0 (iy) Proof. A formula for aQ(σ\(f 9 b)) can be given by combining Theorems A and B along with Proposition 6.6 of Dovermann's paper [D] . Noting that our assumption on / implies that τ{f s ) = 0, the formula reduces to ao ((Tι(f 9 
, where φ is a certain Gfiber homotopy equivalence associated with the adjusted G-normal map (X, /', b). As can be seen from §6 of [D] , φ is closely related to our G-fiber homotopy equivalence ω. Indeed, by stabilizing with an appropriate complex G-bundle, we can arrive at the same G-fiber homotopy equivalence. Then, the addition formula of DovermannRothenberg ( Proof. In [DR1], a formula for the generalized Whitehead torsion of a G-fiber homotopy equivalence is given. From Corollary 8.15 of that paper, it follows that with our set-up, τ(ώ) is twice an element of Wh(G). Therefore, Tτ(ώ) is also a "multiple of 2". In general, this is not enough to show that [Tτ(ώ)] vanishes in
(Note that we are assuming n = dim Y is even.) However, with our additional assumption that Wh(G) is torsion free, the result follows.
Indeed, Tτ(ώ) lies in {δ e Wh(G): δ = δ*} and as explained above, Tτ(ώ) = 2x, for some x € Wh(G). We claim that we must have x e {δ e Wh(G): δ = δ*}. Suppose that a e Wh(G) = 0 Z and let φ be any homomorphism from Wh(G) to itself (in particular, φ = *). Since φ is a homomorphism and Wh(G) is torsion free, it follows easily that p(2α) = 2α =>> p(α) = α. Therefore, we have Tτ(ώ) = 2x = x + x = x + x* and hence [Γτ(ώ)] = 0 in i/"(Z 2 Wh(G)) as desired. D
We note that we shall be working with the group D 2w , where m is an odd prime. (The conjugation involution on Wh(D2 m ) will be defined in terms of the nontrivial orientation homomorphism w , i.e., elements of order 2 shall reverse orientation and be sent to -1.) It is shown in [O] that SKι(Z [D 2m ]), the torsion part of Wh (D 2m ), vanishes for all odd primes m. (Also see [Ma] .) We also note that τ(ώ) will have non-zero coordinate only in Wh(G) in our geometric set-up. (See Lemma 2.5.)
Our purpose for introducing the Rothenberg sequence is to show
, w), which will be shown to vanish, thereby guaranteeing that σ\ (f,b) = 0, and that surgery to a G-homotopy equivalence is possible. Clearly, σ\(f,b) will come from some σf(f,b) if [L] .) As shall be indicated below, we are interested in knowing for which m, Γ has 2 -rank = 0. This is not known in general, however it is known that the class number A+, which is the order of γ, vanishes for primes m < 67. (See p. 38 and §3 of the appendix in [Wa] .) Our proof will depend upon an appropriate choice of a model Y on which to base our surgery constructions. We will then construct a D 2m -fiber homotopy equivalence over Y, and from it, an adjusted? D 2w -normal map. A key feature of our construction will be an addi-" tional amount of symmetry built into the normal map. Finally, we will show that our set-up is such that all obstructions to surgery vanish. By varying the parameters of our construction, we will obtain infinitely many X^ as claimed.
Proof of Theorem
Our model Y and Ό 2m -fiber homotopy equivalence will be constructed so as to satisfy an important technical condition stated below as Definition 3.1 which will allow us to build from them an adjusted D2 m -normal map.
First, we set up some notation. Let G be finite. Given any irreducible, real G-representation ψ, we define m ψ : RO{G) -> Z by setting m ψ (Y) equal to the multiplicity of ψ in the virtual representation V. (RO(G) denotes the real representation ring of G.) Let d ψ denote the dimension of the real division algebra of R-linear G-endomorphisms of ψ, Horn^, ψ). If the transversality condition is met, there are no obstructions to moving ω by a proper G-homotopy to a smooth G-map h which is transverse to 7, the zero-section of η-. We then set X = h~~ι{Y), / = h\χ, and b is constructed using the G-vector bundles η± . More precisely, for H c G, we set X
Since ω is a G-fiber homotopy equivalence, we can choose the orientation of X so that the G-map / will be of degree 1.
At this point, provided that a few other conditions are met, the triple (X, /, b) will be a G-normal map (adjusted or otherwise). However, we shall see that in our case a little additional work will render (X, /, b) into an adjusted D 2m -normal map.
There is an interesting S^-map due to Ted Petrie (see [MeP] , p. 74) which will be used in our constructions. Given a pair of relatively prime integers p and q, take integers a and b such that -ap+bq = 1 and let ί 1 ' denote the 1-dimensional complex S ^representation where t e S In our proof, knowledge of the structure of L s 6 (Z [D 2m (D 2m ) is torsion free and ID:Z 2 -+ Z 2 denotes the identity map. In particular, as indicated above, this result holds for primes m < 67.
Proof. First, note that the retraction and inclusion D 2m -^ Z 2 Λ Ό 2m are compatible with the respective orientation homomorphisms; that is,
is obtained by restriction. Now, according to [W3], L(Ό 2m ) will be torsion free whenever the projective class group Ko(Z [D 2m ]) has no 2-torsion. (Also see [Wl] , p. 71-74. Beware of the mistakes in [W3]. They are corrected in [Wl] . In these references, the computations are of !/(•)> the surgery obstruction group for weakly simple homotopy equivalences. However, since Wh(Z[Z 2 ]) = 0 and Wh(Z [D 2m ]) is torsion free, it turns out that for these groups and our orientation homomorphisms, L'(-) = L s (-) . This is discussed on pp. 77-78 of [Wl] .) D Lemma 3.2 shall be very useful to us in determining whether or not an obstruction in L£(Z [D 2m ], w) vanishes because nontrivial elements of Z (D 2m ) can be detected by the multisignature (since it's torsion free), whereas those of L [BM] ). The primitivity of these classes implies that a normal map obtained from twice a fiber homotopy equivalence will have vanishing Kervaire-Arf invariant.
We are now ready to handle the proof of Theorem A. Petrie's map introduced previously, and passing to S 1 -orbit spaces. Since deg/ + = 1, we need only check the degree condition on ω for isotropy groups H Φ 1. Now, the only non-trivial element of Iso(Γ) is Z m . So, we must show that, for all y € YQ\ U I23 > ( ω \y) Zm has degree 1 when extended to 1 point compactifications.
At this point, we make the assumption that the relatively prime integers p and q are each = 1 mod m. Let p denote the 1-dimensional complex Z m -representation which sends a generator to multiplication by e lπι l m .
Then, restricting the D2 W -action on Y to Z m , we see that resz m Y = P(2ρ + 2/?" 1 ), where P(V) denotes the space of complex lines in the representation V. From this, it follows that for y G Γ01 > *l+\y ~ P~2 q Indeed, suppose a e Σ lies above y. Then g [a, v] = [ga, v] = [p(g)a, v] = [a, ρ(g)v] . Since p and q are each = 1 mod m, we can see that, as a Z m -representation, η+\ y = 2p~2. Similarly, we can compute that η-\ y = 2/?~2, for any y e You and that ι/±|^ = 2p 2 , for any j; e Y23. This implies that (η±) z m = Γ O i U Γ23 (as subsets of the zero section) and the required degree property easily follows. Therefore, ω is a \iim -fiber homotopy equivalence.
It will be useful to build a D2 m -equivariant, free, orientation reversing involution into our fiber homotopy equivalence (and hence our normal map) to help with the signature obstruction which will arise later. Let ψ\ Y -• Y be defined by <P[ZQ: Z\\ Z^\ zι\ = [-Z2*. -zj: ZQ: Ύ\\ and note that φ commutes with U2 m . Notice that ? lifts to η± in such a way that ω becomes a D2 m xZ2-fiber homotopy equivalence. To see this, define φ 1 : Σ -> Σ to be the obvious D2 W -map covering φ . Then ^±: η± -• ^/± defined by ^±[α, t;] = [^'(α), t>] are involutions which cover φ and make η± into D2^ x Z 2 -vector bundles. It is easy to check that ωo φ^_ = φl o ω and therefore, that φ lifts to η± in such a way that ω becomes a T>2m χ Z2-map. To see that ω is actually a U2 m x Z2-fiber homotopy equivalence requires that the degree property be considered once again.
Things become a bit more complicated at this point since the addition of the involution φ into our action introduces new elements into Iso(Γ). Let Hi be the group of order two generated by φg j h , for j = 0,...,m-l. Then Iso (7) 
